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In this work, we classify superconductors according to their magnetoelectric response. Among all
the noncentrosymmetric superconductors, only superconductors with gyrotropic point groups have
non-zero magnetoelectric response such that a supercurrent can induce a finite spin magnetization.
We call these superconductors gyrotropic superconductors. Importantly, the general form of the
magnetoelectric response is dictated by the point group symmetry and lead to novel magnetoelec-
tric effects. Novel magnetoelectric effects of several noncentrosymmetric superconductors, including
superconductors with chiral lattice symmetry and atomically thin superconducting transition metal
dichalcogenides are discussed. Using a newly discovered monolayer 2H-structure NbSe2 as an exam-
ple, we further show that how an unconventional magnetoelectric response can be induced by strain
in superconductors with non-gyrotropic point groups.
Introduction.— In noncentrosymmetric metals, spins
and momentum of electrons are coupled such that the de-
formation of the Fermi surface due to dissipative current
can polarize electron spins and this is called the magneto-
electric effect [1, 2]. More interestingly, in some noncen-
trosymmetric superconductors, supercurrents can give
rise to a static mangetization without dissipation [3–7].
And conversely, a static magnetization can drive local su-
percurrents [6, 8–12]. As pointed out by Edelstein [4, 5],
in superconductors with a polar axis c and Rashba spin-
orbit coupling (SOC), the magnetization M induced by
supercurrents can be expressed as M ∝ c×JS [4] where
JS is the supercurrent density. As a result, the induced
magnetization is always perpendicular to the direction of
the current and the polar axis in Rashba superconduc-
tors.
In recent years, many noncentrosymmetric super-
conductors such as superconducting transition metal
dichalcogenides (TMDs) [14–20], and superconductors
with chiral lattice structures [21–24] are discovered.
Since the newly emergent noncentrosymmetric supercon-
ductors respect different crystal symmetries, the SOC in
these materials have different forms. For example, super-
conductors with point group symmetry T and O, which
belong to chiral point groups, have isotropic SOC in the
form of vp · σ, where p is momentum, σ is the Pauli
matrices and v is the SOC strength [25]. On the other
hand, multilayer 1Td-structure WTe2 and MoTe2 possess
anisotropic SOC [20]. For atomically thin monolayer 2H-
MoS2 and 2H-NbSe2, Ising SOC [14–16, 26–28] is present
which pins electron spins to the out-of-plane directions.
These different types of SOC are expected to cause new
magnetoelectric effects different from the ones in Rashba
superconductors. However, a general understanding of
the magnetoelectric effects of all these noncentrosymmet-
ric superconductors is lacking. In this work, through lin-
ear response theory and group theory analysis, we pro-
vide a general and powerful way to understand the mag-
netoelectric effects of superconductors.
First of all, we note that not all noncentrosymmet-
ric superconductors would give rise to non-zero magne-
toelectric response. Instead, the magnetoelectric effect
is generally non-zero only for materials belonging to the
18 gyrotropic point groups [29]. The explicit forms of
the magnetoelectric pseudotensors for the 18 gyrotropic
point groups are listed in Table I. According to Table I,
many of the novel magnetoelectric response of noncen-
trosymmetric superconductors can be identified immedi-
ately.
For example, for materials belonging to the T and
O point groups, such as Li2(Pd3, Pt3)B [21, 22], and
Mo3Al2C [23], the magnetoelectric effect is purely lon-
gitudinal, meaning that the induced spin magnetization
is always parallel to the direction of the supercurrent.
This is a quantum analogue of classical solenoids in
which the induced magnetic field is parallel to the cur-
rent directions. We further point out that, for quasi-two-
dimensional materials, the only symmetries which allow
to have induced spin-magnetization perpendicular to the
atomic plane are the ones which have the polar axis lying
inside the atomic plane. The newly discovered multilayer
1Td-structure WTe2 [18, 19] and MoTe2 [20] naturally
fulfils this condition.
On the other hand, Ising superconductors such as 2H-
structure MoS2 and NbSe2, the magnetoelectric effect is
indeed zero due to their D3h point group, even though
the SOC in these materials are particularly strong. These
2H-TMDs are interesting examples of noncentrosymmet-
ric superconductors which give rise to zero magnetoelec-
tric response. Importantly, under uniaxial strain which
reduce D3h to C2v, a purely out-of-plane magnetization
can be induced by a supercurrent in 2H-TMD. There-
fore, our results, as summerized in Table I, can be used
to provide guiding principles to generate and manipulate
magnetoelectric responses in superconductors.
The rest of the paper is organised as follows. First, we
construct the microscopic model for the magnetoelectric
effect and show that the induced spin magnetization is re-
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2lated to the supercurrent by a second rank pseudotensor
T˜ij . Second, we analyse the symmetry properties of T˜ij
under different point group operations and list the gen-
eral form of T˜ij in Table I. Third, we discuss the applica-
tion of Table I in the understanding of several interesting
superconductors with gyrotropic point group, including
the superconductor with chiral lattice symmetry and su-
perconducting TMDs. Finally, we demonstrate how an
unconventional magnetoelectric response can be gener-
ated by strain in non-gyrotropic superconductors using
2H-structure TMD as an example.
General theory .— A generic Hamiltonian describing
noncentrosymmetric superconductors with SOC takes
the form
H =
∑
p,s
ξpc
†
p,scp,s +
∑
p,s,s′
gp · σss′c†p,scp,s′
− 1
V
∑
p,p′
Up′−pc
†
p↑c
†
−p↓c−p′↓cp′↑, (1)
where c†p,s (cp,s) is the creation (annihilation) operator
for an electron with spin s =↑ / ↓ and momentum p.
The SOC term gp arises due to the inversion symmetry
breaking and respects gp = −g−p. The third term is the
general pairing interaction which is responsible for the
superconductivity and V is the volume of the system.
We consider the singlet s-wave pairing in the noncen-
trosymmetric superconductor, and then each component
in spin magnetization M of the electrons can be calcu-
lated through the Green’s function as [30]
Mk = − 1
2βV
∑
p,q,n
∂
∂hk
tr logG−1 (p, q, iωn) , (2)
where β−1 = kbT with kb the Boltzmann constant, k =
x, y, z, and the Matsubara Green’s function in the Nambu
representation is defined as
G−1 (p, q, iωn) =
(
G−1e (p, q, iωn) −i∆qσy
i∆∗qσy G
−1
h (p, q, iωn)
)
− 1
2
gµB
(
h · σ 0
0 −h · σ∗
)
, (3)
where µB is the Bohr magneton and g is the Lande g
factor. To the linear order of q, we can apply Dyson’s
equation to have the approximation Ge/h (p, q, iωn) ≈
Ge/h (p, iωn)+Ge/h (p, iωn)ve/h · 12qGe/h (p, iωn), where
the velocity operator reads ve/h = ∇
(
ξp ± gp · σ(∗)
)
and
the Matsubara Green’s functions for the electron and hole
are denoted as Ge (p, iωn) = [iωn − ξp − gp · σ]−1 and
Gh (p, iωn) = [iωn + ξp − gp · σ∗]−1 respectively. Here
it is important to note that in the velocity operator, the
spin dependent part involves the gradient of the SOC
pseudovector gp, which results in a rank-two pseudoten-
sor Jij (p) =
∂gi(p)
∂pj
with i, j = x, y, z. As a result, in
the presence of supercurrent, the Doppler shift energy
ve · 12q = ∇ξp · 12q +
∑
i,j σiJij (p)
1
2qj becomes spin de-
pendent, where the last term acts as an effective Zeeman
field. Intuitively, this effective Zeeman field at finite q is
the source of magnetization in the magnetoelectric effect.
In order to obtain a closed form of the induced
magnetization M , we substitute Eq. 3, Ge/h (p, iωn)
and the velocity operator into Eq. 2 to expand the
logG−1 (p, q, iωn) to first order in h, and further expand
in terms of the pairing order parameters ∆q and ∆
∗
q. Fi-
nally, after the summation of Matsubara frequencies ωn,
we obtain the closed form for the magnetization M in
terms of the supercurrent density JS as Mk = T˜kj J˜
S
j .
We denote T˜kj as a component of the magnetoelectric
pseudotensor T˜ [31] which can be expressed as:
T˜kj =
{
∆20
g2pF
f
( |gpF |
pikbTc
)
〈Jkj (pF)〉+
[
7∆20ζ (3)
2pi2k2bT
2
c
− ∆
2
0
g2pF
f
( |gpF |
pikbTc
)]
〈gˆpFkgˆpFiJij (pF)〉
}
µBg
3
√
3ξ
N (EF) . (4)
Here, pF represents the Fermi momentum, N (EF) is the
density of states at the Fermi level, ∆0 is the homoge-
neous pairing order parameter magnitude, ξ is the super-
conducting coherence length, and J˜S = JS/JSmax is the
supercurrent density normalized by the maximum super-
current density JSmax = 2e∆
2
0
2~
3
√
3m∗ξ
with m∗ being the
effective pairing mass [1]. We have 〈〉 = ∫ dΩpF4pi as the an-
gle average at the Fermi surface and define the function
f (ρ) as
f (ρ) = Re
∞∑
n=0
(
1
2n+ 1
− 1
2n+ 1 + iρ
)
. (5)
As the magnetoelectric pseudotensor T˜ is constructed
from the SOC pseudovector gpF at the Fermi surface, its
form is determined by the crystal point group symmetry.
Symmetry Analysis for Magnetoelectric Pseudoten-
sor in Three Dimensions.— The SOC pseudovector gp
under the point group operation Rˆ respects g (p) =
3det
(
Rˆ
)
Rˆg
(
Rˆ−1p
)
[33, 34]. Hence inheriting from the
pseudovector gp, we show that the magnetoelectric pseu-
dotensor T˜kj under the crystal symmetry is subject to the
constraints [31]
T˜ = det
(
Rˆ
)
RˆT˜ RˆT, (6)
where Rˆ is the orthogonal matrix of the point group
transformation. Consequently, all the nonzero compo-
nents in the magnetoelectric pseudotensor T˜ can be ob-
tained by the pseudotensor symmetry analysis as is done
in the case of Berry curvature dipole in the study of the
nonlinear Hall effect [35]. The invariance of pseudotensor
under crystal symmetry indicates that the 18 gyrotropic
point groups [29] can support nonzero magnetoelectric
pseudotensor T˜ .
For a given magnetoelectric pseudotensor T˜ , it can
be decomposed into the symmetric and anti-symmetric
parts T˜ =
(
T˜+ + T˜−
)
with T˜± = 12
(
T˜ ± T˜T
)
, which
transforms independently under symmetry operations.
For the anti-symmetric part T˜−, it can be expressed in
terms of a vector t− with T˜−ij = −ijkt−k , where ijk is
the levi-civita tensor. Therefore, in the 10 polar point
groups, namely {Cn, Cnv} with n = 1, 2, 3, 4, 6, the pres-
ence of polar axis c pins the vector t− parallel to c and
thus the anti-symmetric magnetoelectric tensor T˜− keeps
invariant under transformation. It contributes to the
transverse magnetoelectric response as t− × J˜S shown
in Table I. For the symmetric part of the magnetoelec-
tric pseudotensor T˜+, it survives in the 11 chiral point
groups {O, T, C1, Cn, Dn} with n = 2, 3, 4, 6 and the ex-
tra four point groups {C1v, C2v, D2d, S4} with improper
rotation symmetry. In the chiral point groups, the sym-
metric T˜+ has only the diagonal elements in T˜+ and the
magnetoelectric response becomes longitudinal along the
crystal symmetry axis as is shown in Table I. In the point
groups {C1v, C2v, D2d, S4}, the form of symmetric T˜+
restricts the longitudinal magnetoelectric response to the
plane perpendicular to the principal axis seen from Table
I.
Based on the above symmetry analysis for both the
anti-symmetric and symmetric parts of the magnetoelec-
tric pseudotensor T˜ , we list the general matrix form of
T˜ for all the 18 gyrotropic point groups in the Table
I with details shown in the supplemental material [31].
The general form of the magnetoelectric pseudotensor for
the 18 gyrotropic point groups also confirms the results
from Ginzburg Landau free energy analysis [36–39]. Im-
portantly, our microscopic approach in Eq. 4 allows us
to work out the Ginzburg Landau free energy coefficients
explicitly as well.
Novel Magnetoelectric Effects in Gyrotropic Supercon-
ductors.— With the general form of T˜ij in Table I, some
novel magnetoelectric responses of gyrotropic supercon-
ductors can be identified immediately. One particularly
TABLE I: List of Magnetoelectric pseudotensor T˜ for the non-
centrosymmetric superconductors in the 18 gyrotropic point
groups. T˜ij with i, j = x, y, z are in general the elements in
T˜ . T˜+‖,⊥,d,0 are the elements from the symmetric pseudoten-
sor T˜+ while t−z from anti-symmetric pseudotensor T˜
−. The
principal axis is along z.
Point group T˜ij Point group T˜ij
C1
T˜xx T˜xy T˜xzT˜yx T˜yy T˜yz
T˜zx T˜zy T˜zz
 C2
T˜xx T˜xy 0T˜yx T˜yy 0
0 0 T˜zz

C3
T˜
+
‖ −t−z 0
t−z T˜
+
‖ 0
0 0 T˜+⊥
 C4
T˜
+
‖ −t−z 0
t−z T˜
+
‖ 0
0 0 T˜zz

C6
T˜
+
‖ −t−z 0
t−z T˜
+
‖ 0
0 0 T˜+⊥
 C1v
 0 T˜xy 0T˜yx 0 T˜yz
0 T˜zy 0

C2v
 0 T˜xy 0T˜yx 0 0
0 0 0
 C3v
 0 −t−z 0t−z 0 0
0 0 0

C4v
 0 −t−z 0t−z 0 0
0 0 0
 C6v
 0 −t−z 0t−z 0 0
0 0 0

D2d
T˜+‖ 0 00 −T˜+‖ 0
0 0 0
 S4
T˜+‖ T˜+d 0T˜+d −T˜+‖ 0
0 0 0

D2
T˜xx 0 00 T˜yy 0
0 0 T˜zz
 D3
T˜
+
‖ 0 0
0 T˜+‖ 0
0 0 T˜+⊥

D4
T˜
+
‖ 0 0
0 T˜+‖ 0
0 0 T˜+⊥
 D6
T˜
+
‖ 0 0
0 T˜+‖ 0
0 0 T˜+⊥

T
T˜+0 0 00 T˜+0 0
0 0 T˜+0
 O
T˜+0 0 00 T˜+0 0
0 0 T˜+0

interesting case is for materials with point group sym-
metry T and O. In this case, the tensor T˜ij is propor-
tional to the identity matrix and implies that the in-
duced manetization if parallel to the supercurrent direc-
tion, namely, M ∝ J˜S. This is a quantum analogue
of classical solenoids but without the need to fabricate
any helical structures and the longitudinal response is
induced by SOC. It is interesting to note that a few su-
perconductors with relatively high Tc have point group
O [21–23, 34]. Importantly, in the normal state, these
materials are Kramers Weyl Semimetals which has Weyl
points pinned at time-reversal invariant momenta [25].
Therefore, using Table I, one can immediately identify
the novel magnetoelectric properties of a superconduct-
ing Kramers Weyl semimetal. The point group symme-
try and the associated mangetoelectric effects of a large
number of noncentrosymmetric superconductors, includ-
ing some newly discovered superconductors with chiral
lattice symmetries [21–24], are listed in the Supplemen-
4MxMy
Mz
FIG. 1: The magnetization direction (red arrows) can be
controlled by the in-plane supercurrent directions J˜S as calcu-
lated using realistic parameters for bilayer 1Td-MoTe2. The
in-plane mirror invariant line is defined along the J˜Sx direc-
tion.
tary Materials [31].
Another interesting result from Table I is that, in
quasi-two-dimensions, only C1, C1v, C2v and C2 sym-
metries with polar axis lying inside the atomic plane al-
low an out-of-plane magnetization induced by an in-plane
current. Interestingly, recently discovered few layer 1Td-
WTe2 [18, 19] and 1Td-MoTe2 [20] have such a low sym-
metry: C1v. Moreover, due to the large SOC in these
materials, the magnetoelectric effect is expected to be
strong. With C1v symmetry, we show below how the
magnetization direction can also be controlled by the di-
rection of the current. The magnetoelectric effect of 2H-
structure TMDs are also discussed in the next section.
Novel magnetoelectric effects of superconducting
TMDs.— In this section, we apply the general theory
obtained above to two interesting TMDs, namely, bi-
layer or multilayer 1Td-MoTe2 and strained monolayer
2H-NbSe2. For the case of bilayer 1Td-MoTe2, the
crystal structure belongs to the C1v point group and
only has one in-plane mirror symmetry with y → −y.
The superconductivity occurs at the critical temperature
Tc = 4K and it has the in-plane anisotropic upper criti-
cal field Hc2 which exceeds the Pauli limit Hp due to its
anisotropic SOC g (px, py) = (vxpy, vypx, vzpy). From
the angle dependent in-plane Hc2 (φ), the anisotropic
SOC strength at the Fermi level is estimated to be
g (φ) = (16.9 sinφ, 23.5 cosφ, 23.1 sinφ)meV [20]. With
the Fermi wave vector (pFx, pFy) = (1.009, 1.050) nm
−1
and the Fermi energy density of states N (EF) =
4.9360eV−1nm−2 from the first principle calculation [20],
we can further use the pairing gap ∆0 = 1.76kbTc at
zero temperature and the coherence length ξ = 20.79nm
[20] to estimate the magnetoelectric pseudotensor T˜ as
T˜xy = 1.1× 10−3µB/nm2, T˜yx = 1.2× 10−3µB/nm2 and
T˜zy = 1.6×10−3µB/nm2 while all other elements are zero.
When the supercurrent flows along y direction, the z di-
rection magnetization Mz gets the optimised value. At
the maximum supercurrent, the optimised Mz is equiv-
alent to the Pauli paramagnetism by external magnetic
field B = Mz
2µ2BN(EF)
= 2.8T. Importantly, the induced
magnetization (Mx,My,Mz) is a function of the in-plane
supercurrent direction shown in Fig.1. This provides an
efficient way to manipulate the spin magnetization of the
superconductor which may have applications in current
controlled magnetic switching devices. The result here
also applies to the recently realized superconducting 1Td-
WTe2 [18, 19].
For the case of 2H-NbSe2 which is also known as
an Ising superconductor [14–16, 27, 28], the materials
have point group symmetry D3h [26]. Due to the in-
plane mirror invariant line at x = 0 and the three-fold
rotation symmetry, the SOC takes the form gz (p) ∝
px
(
p2x − 3p2y
)
around the Γ pocket and gz (p∓K) =
±βso around the K (K ′) pockets[28]. According to the
general analysis above, the three-fold rotation symmetry
forces the magnetoelectric pseudotensor T˜ to be zero and
there is no magnetoelectric effect. This is an interesting
example of a noncentrosymmetric superconductors with
zero magnetoelectric response. Interestingly, a uniaxial
strain that breaks the three-fold symmetry and reduce
the point group symmetry to C2v with the polar axis ly-
ing inside the atomic plane. As a result, SOC which is
linearly proportional to px, namely, gz (p) ∝ px, can be
induced. Therefore, under uniaxial strain, the magne-
toelectric pseudotensor T˜ will have nonzero element T˜zx
and the x component of the supercurrent will generate
the out-of-plane magnetization. This provides a novel
way to use strain to generate and manipulate spin polar-
izations in non-gyrotropic superconductors.
Conclusion.— In this work, we presented the general
form of the magnetoelectric pseudotensor for gyrotropic
superconductors as summerized in Table I. Our theory
provides a powerful tool for the search of novel mag-
netoelectric effects in materials. Guided by the general
theory, we demonstrated novel ways of generating and
manipulating spin polarizations in noncentrosymmetric
superconductors.
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1Supplementary Material for “Novel Magnetoelectric Effects in Gyrotropic Superconductors and the
Case Study of Transition Metal Dichalcogenides”
GENERAL THEORY FOR THE MAGNETOELECTRIC EFFECT
In the singlet pairing channel, we consider the on-site pairing interaction and write the partition function for the
superconductor with spin-orbit coupling and Zeeman field as
Z (h) =
∫
D
[
∆∗q,∆q
]
e
−βV
[∑
q
∆∗q∆q
U0
− 12βV
∑
p,q,n tr logG
−1(p,q,iωn)
]
, (S1)
where the Green’s function reads
G−1 (p, q, iωn) =
(
G−1e (p, q, iωn)− 12µBgh · σ −i∆qσy
i∆∗qσy G
−1
h (p, q, iωn) +
1
2µBgh · σ∗
)
, (S2)
with µB being the Bohr magneton and g being the Lande g factor. The Green’s functions for the electron and hole
are defined as
G−1e (p, q, iωn) = iωn − ξp+ 12q − gp+ 12q · σ ≈ iωn − ξp − gp · σ −∇ (ξp + gp · σ) ·
1
2
q, (S3)
G−1h (p, q, iωn) = iωn + ξ−p+ 12q + g−p+ 12q · σ
∗ ≈ iωn + ξp − gp · σ∗ −∇ (ξp − gp · σ∗) · 1
2
q, (S4)
where gp is the spin-orbit coupling field satisfying gp = −g−p. We then use the Dyson’s equation to simplify the
Green’s functions to the linear order in q as
Ge (p, q, iωn) ≈ Ge (p, iωn) +Ge (p, iωn)ve · 1
2
qGe (p, iωn) +O
(
q2
)
, (S5)
Gh (p, q, iωn) ≈ Gh (p, iωn) +Gh (p, iωn)vh · 1
2
qGh (p, iωn) +O
(
q2
)
, (S6)
where the velocity operator takes the form
ve = ∇ (ξp + gp · σ) , vh = ∇ (ξp − gp · σ∗) . (S7)
The Green’s function Ge (p, iωn) and Gh (p, iωn) are further expressed as
Ge (p, iωn) = G
+
e (p, iωn) +G
−
e (p, iωn) gˆp · σ, Gh (p, iωn) = G+h (p, iωn) +G−h (p, iωn) gˆp · σ∗, (S8)
with gˆp =
gp
|gp| and
G±e (p, iωn) =
1
2
[
1
iωn − ξp − |gp| ±
1
iωn − ξp + |gp|
]
, G±h =
1
2
[
1
iωn + ξp − |gp| ±
1
iωn + ξp + |gp|
]
. (S9)
The magnetization M can be obtained from the partition function as
M = − 1
βV
∂
∂h
logZ (h)
= − 1
2βV
∑
p,q,n
∂
∂h
tr logG−1 (p, q, iωn) . (S10)
We decompose the Green’s function G−1 (p, q, iωn) = G−10 (p, q, iωn)− Σ with
G−10 (p, q, iωn) =
(
G−1e (p, q, iωn) −i∆qσy
i∆∗qσy G
−1
h (p, q, iωn)
)
, Σ =
1
2
µBg
(
h · σ 0
0 −h · σ∗
)
. (S11)
We can then expand the logarithm in powers of the self-energy Σ
logG−1 (p, q, iωn) = logG−10 (p, q, iωn)−
∞∑
l=1
1
l
[G0 (p, q, iωn) Σ]
l
. (S12)
2We keep the first order correction and then the magnetization M becomes
M ≈ 1
2βV
∑
p,q,n
∂
∂h
tr [G0 (p, q, iωn) Σ] . (S13)
We then further decompose the Green’s function G−10 (p, q, iωn) = G
−1
N − Σ∆ with
G−1N (p, q, iωn) =
(
G−1e (p, q, iωn) 0
0 G−1h (p, q, iωn)
)
, Σ∆ =
(
0 i∆qσy
−i∆∗qσy 0
)
, (S14)
and expand the Green’s function G0 (p, q, iωn) in power series as
G0 (p, q, iωn) ≈ GN (p, q, iωn) +GN (p, q, iωn) Σ∆GN (p, q, iωn)
+GN (p, q, iωn) Σ∆GN (p, q, iωn) Σ∆GN (p, q, iωn) + ... (S15)
As a result, the magnetization M is approximated as
M ≈ 1
2βV
∑
p,q,n
∂
∂h
tr [GN (p, q, iωn) Σ +GN (p, q, iωn) Σ∆GN (p, q, iωn) Σ
+GN (p, q, iωn) Σ∆GN (p, q, iωn) Σ∆GN (p, q, iωn) Σ] . (S16)
We find that the first term and second term will be zero after the trace and the summation, so the magnetization M
is simplified as
M =
µBg
4βV
∑
p,q,n
∂
∂h
∆∗q∆qtr [Ge (p, q, iωn)σyGh (p, q, iωn)σyGe (p, q, iωn)h · σ
−Gh (p, q, iωn)σyGe (p, q, iωn)σyGh (p, q, iωn)h · σ∗] . (S17)
We then substitute Eq. S5 and Eq. S6 into Eq. S17. With the velocity operator ve/h and Eq. S8, Eq. S9, the
component of the magnetization M becomes
Mk =
µBg
4βV
∑
p,q,n
∆∗q∆qtr
{[
G+e
(
G+2e G
+
h +G
−2
e G
+
h − 2G+e G−e G−h
)
+
(
G+e G
+
h −G−e G−h
)2
+G+h
(
G+2h G
+
e +G
−2
h G
+
e − 2G+hG−hG−e
)]∇ (gp · σ) · qσk + [−G−e (G−2e G−h +G+2e G−h − 2G+e G−e G+h )
+
(
G+e G
−
h −G−e G+h
)2 −G−h (G+2h G−e +G−2h G−e − 2G+hG−hG+e )] (gˆp · σ)∇ (gσ · σ) · q (gˆp · σ)σk} . (S18)
As the gradient of the spin-orbit coupling pseudovector function g (p) is a rank-two pseudotensor Jij (p) =
∂gi(p)
∂pj
with the matrix form
J (p) =
∂pxgx (p) ∂pygx (p) ∂pzgx (p)∂pxgy (p) ∂pygy (p) ∂pzgy (p)
∂pxgz (p) ∂pygz (p) ∂pzgz (p)
 , (S19)
then the term ∇ (gp · σ) · q is expressed as ∇ (gp · σ) · q = σiJij (p) qj . As a result, the magnetization M becomes
Mk =
µBg
4βV
∑
p,qj ,n
∆∗qj∆qj
{[
G+e
(
G+2e G
+
h +G
−2
e G
+
h − 2G+e G−e G−h
)
+
(
G+e G
+
h −G−e G−h
)2
+G+h
(
G+2h G
+
e +G
−2
h G
+
e − 2G+hG−hG−e
)]
tr [σiJij (p) qjσk] +
[−G−e (G−2e G−h +G+2e G−h − 2G+e G−e G+h )
+
(
G+e G
−
h −G−e G+h
)2 −G−h (G+2h G−e +G−2h G−e − 2G+hG−hG+e )] tr [gˆpmσmσiJij (p) qj gˆplσlσk]} .
We notice that the trace for the Pauli matrix has the relations
tr (σaσb) = 2δab, tr (σaσbσc) = 2iabc, tr (σaσbσcσd) = 2 (δabδcd − δacδbd + δadδbc) . (S20)
3From the Landau-Ginzburg theory, in the absence of magnetic field we can choose the gauge A = 0 to express the
supercurrent density JS as
JSj =
∫
dri~
2e
2m∗V
[(∂i∆
∗
r) ∆r −∆∗r (∂i∆r)] =
2e~
m∗
∑
qj
qj∆
∗
qj∆qj , (S21)
with m∗ the effective pairing mass [S1]. As the supercurrent density JS can be normalized by the maximum super-
current density JSmax = 2e∆
2
0
2~
3
√
3m∗ξ
with ξ the coherence length and ∆0 the homogeneous pairing order parameter
magnitude [S1], we can express
∑
qj
qj∆
∗
qj∆qj as
∑
qj
qj∆
∗
qj∆qj =
m∗
2e~
JSj =
2∆20
3
√
3ξ
JSj
JSmax
. (S22)
We then take the infinite-volume limit and the high-density approximation 1V
∑
p →
∫
d3p
(2pi)3
→ N (EF)
∫∞
−∞ dξ
∫ dΩpF
4pi2
with N (EF) the Fermi energy Density of states and ΩpF the solid angle of the Fermi momentum pF, so eventually,
we arrive at the closed form for the magnetization M
Mk = T˜kj J˜
S
j , (S23)
with the magnetoelectric pseudo-tensor T˜
T˜kj =
{
∆20
g2pF
f
( |gpF |
pikbTc
)
〈Jkj (pF)〉+
[
7∆20ζ (3)
2pi2k2bT
2
c
− ∆
2
0
g2pF
f
( |gpF |
pikbTc
)]
〈gˆpFkgˆpFiJij (pF)〉
}
µBg
3
√
3ξ
N (EF) , (S24)
with
f (ρ) = Re
∞∑
n=0
(
1
2n+ 1
− 1
2n+ 1 + iρ
)
. (S25)
Here J˜S = JS/JSmax is the normalized supercurrent density and 〈〉 =
∫ dΩpF
4pi is the angle average at the Fermi surface.
MAGNETOELECTRIC PSEUDO-TENSOR UNDER SYMMETRY TRANSFORMATION
We know that the spin-orbit coupling pseudo-vector g (p) under point symmetry operation transform as g (p) =
det
(
Rˆ
)
Rˆg
(
Rˆ−1p
)
with Rˆ the orthogonal matrix representing the symmetry operation. We then consider the two
terms
〈
gˆTpF gˆpFJ (pF)
〉
transformation under Rˆ. For the first term 〈J (p)〉 we have
〈J (p)〉 =
∫
dΩp
4pi
∂pxgx (p) ∂pygx (p) ∂pzgx (p)∂pxgy (p) ∂pygy (p) ∂pzgy (p)
∂pxgz (p) ∂pygz (p) ∂pzgz (p)

=
∫
dΩp
4pi
det
(
Rˆ
)
Rˆ

∂pxgx
(
Rˆ−1p
)
∂pygx
(
Rˆ−1p
)
∂pzgx
(
Rˆ−1p
)
∂pxgy
(
Rˆ−1p
)
∂pygy
(
Rˆ−1p
)
∂pzgy
(
Rˆ−1p
)
∂pxgz
(
Rˆ−1p
)
∂pygz
(
Rˆ−1p
)
∂pzgz
(
Rˆ−1p
)

=
∫
dΩp˜
4pi
det
(
Rˆ
)
Rˆ
∂p˜xgx (p˜) ∂p˜ygx (p˜) ∂p˜zgx (p˜)∂p˜xgy (p˜) ∂p˜ygy (p˜) ∂p˜zgy (p˜)
∂p˜xgz (p˜) ∂p˜ygz (p˜) ∂p˜zgz (p˜)
 RˆT
= det
(
Rˆ
)
Rˆ 〈J (p)〉 RˆT (S26)
4and for the second term
〈
gˆTpF gˆpFJ (pF)
〉
we have
〈
gˆTp gˆpJ (p)
〉
=
∫
Ωp
4pi
gˆx (p)gˆy (p)
gˆz (p)
(gˆx (p) gˆy (p) gˆz (p))
∂pxgx (p) ∂pygx (p) ∂pzgx (p)∂pxgy (p) ∂pygy (p) ∂pzgy (p)
∂pxgz (p) ∂pygz (p) ∂pzgz (p)

=
∫
Ωp
4pi
det
(
Rˆ
)
Rˆ

gˆx
(
Rˆ−1p
)
gˆy
(
Rˆ−1p
)
gˆz
(
Rˆ−1p
)
(gˆx (Rˆ−1p) gˆy (Rˆ−1p) gˆz (Rˆ−1p)) RˆT det(Rˆ)
det
(
Rˆ
)
Rˆ

∂pxgx
(
Rˆ−1p
)
∂pygx
(
Rˆ−1p
)
∂pzgx
(
Rˆ−1p
)
∂pxgy
(
Rˆ−1p
)
∂pygy
(
Rˆ−1p
)
∂pzgy
(
Rˆ−1p
)
∂pxgz
(
Rˆ−1p
)
∂pygz
(
Rˆ−1p
)
∂pzgz
(
Rˆ−1p
)

=
∫
dΩp˜
4pi
det
(
Rˆ
)
Rˆ
gˆx (p˜)gˆy (p˜)
gˆz (p˜)
(gˆx (p˜) gˆy (p˜) gˆz (p˜))
∂pxgx (p˜) ∂pygx (p˜) ∂pzgx (p˜)∂pxgy (p˜) ∂pygy (p˜) ∂pzgy (p˜)
∂pxgz (p˜) ∂pygz (p˜) ∂pzgz (p˜)
 RˆT
= det
(
Rˆ
)
Rˆ
〈
gˆTp gˆpJ (p)
〉
RˆT , (S27)
where in the last step of the above two derivations, we make the substitution p = Rˆp˜. Combine the results in Eq.
S26 and Eq. S27 with the magnetoelectric pseudotensor in Eq. S24, it is clear to confirm that the magnetoelectric
pseudotensor respects
T˜ = det
(
Rˆ
)
RˆT˜ RˆT . (S28)
For a given magnetoelectric pseudotensor T˜ , it can be decomposed into the symmetric and anti-symmetric parts
T˜ =
(
T˜+ + T˜−
)
with T˜± = 12
(
T˜ ± T˜T
)
, which transforms independently under symmetry operations. For the anti-
symmetric part T−, it can be expressed in terms of a vector t− with T˜−ij = −ijkt−k , where ijk is the levi-civita tensor.
Therefore, to keep the vector t− invariant under the symmetry operations, a polar axis is required in the crystal. In the
32 crystallographic point groups, there are 10 polar point groups, namely {Cn, Cnv} with n = 1, 2, 3, 4, 6, that allow
the presence of a polar axis. As the vector t is pinned parallel to the polar axis, the contribution to the magnetoelectric
effect from the anti-symmetric magnetoelectric tensor T˜− takes the form Mi = T˜−ij J˜
S
j = −ijkt−k J˜Sj = t− × J˜S. This
result recovers exactly the magnetoelectric effect in the presence of Rashba SOC, which turns out to be a special case
from the anti-symmetric part of the magnetoelectric pseudotensor T˜ from the polar point groups.
The symmetric part of the magnetoelectric pseudotensor also contributes to the magnetoelectric effect in noncen-
trosymmetric superconductors. For the symmetric part rank-two pseudotensor T˜+, it can be diagonalised by the
eigenvectors {e1, e2, e3} with corresponding eigenvalues {δ1, δ2, δ3} and expressed as T˜+ =
∑3
i=1 δieie
T
i . Therefore,
the point group transformation on the symmetric pseudotensor T+ is to change the reference cartesian coordinate.
We first analyse the point group without improper rotation so that all the symmetry operations are restricted to ro-
tations. In this case, to be invariant under rotation, the eigenvalues should be degenerate and the eigenvectors should
be aligned to the crystal principal axis so that under rotation the symmetric pseudotensor T˜+ becomes invariant.
Among the 21 noncentrosymmetric point groups, the crystal point groups without improper rotation are {O, T, C1,
Cn, Dn} with n = 2, 3, 4, 6. The direction of the magnetization contributed from the symmetric part of pseudotensor
T˜+ is then determined by the eigenvectors with the corresponding eigenvalues.
In the presence of improper rotation transformation Rˆ, the symmetry constraint on T˜+ in Eq. S28 becomes
T˜+ = −Rˆ (e1 e2 e3)
δ1 0 00 δ2 0
0 0 δ3
eT1eT2
eT3
 RˆT. (S29)
Consequently, it requires the eigenvalues to transform as δi = −δj with i, j = 1, 2, 3, as well as that for the eigenvectors.
The nonzero solutions corresponding to δi = −δj can only take the form Rˆe1 = ±e3, Rˆe2 = ±e2, Rˆe3 = ±e1 with
{δ1 = δ, δ2 = 0, δ3 = −δ}. Therefore, any crystal with n-fold rotation axis n ≥ 3 will violate the requirement and make
T˜+ vanish. There are four noncentrosymmetric point groups C1v, C2v, D2d, S4 that can fulfil the transformation rule.
5For the point groups C1v, C2v and D2d, the presence of mirror symmetry requires the eigenvector e2 to lie inside the
mirror invariant plane while the other two eigenvectors e1 and e3 must be
pi
4 away from the mirror invariant plane.
In the point groups C2v and D2d, the eigenvector e2 is further forced to be aligned with the rotation axis. In the
remaining point group S4, it is the four-fold improper rotation that exchanges the eigenvectors e1 and e3 as well as
the corresponding eigenvalues, so that e2 is fixed to the improper rotation axis and e1, e3 lie inside the retroreflection
plane.
As a result, the form of the magnetoelectric pseudotensor T˜ is explicitly determined by the crystal point group
symmetry. We summarise all the 21 noncentrosymmetric point groups and find that there are 18 point groups (gy-
rotropic point groups) that have nonzero magnetoelectric pseudotensor elements. We summarise the magnetoelectric
pseudotensor in the matrix form for the 18 gyrotropic point groups and list a large number of noncentrosymmet-
ric superconductors corresponding to the gyrotropic point groups in Table. S1. It becomes clear to identify the
magnetoelectric response for the specific noncentrosymmetric superconductors immediately.
∗ Correspondence address: phlaw@ust.hk
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6TABLE S1: List of Magnetoelectric pseudotensor T˜ij in gyrotropic superconductors with spin-orbit coupling gp · σ = σivijpj
to the linear order and the candidate gyrotropic superconducting materials
Point group vij T˜ij Coordinate notation candidate superconductors
C1
vxx vxy vxzvyx vyy vyz
vzx vzy vzz
 T˜xx T˜xy T˜xzT˜yx T˜yy T˜yz
T˜zx T˜zy T˜zz
 arbitrary -
C2
vxx vxy 0vyx vyy 0
0 0 vzz
 T˜xx T˜xy 0T˜yx T˜yy 0
0 0 T˜zz
 rotation axis along z UIr, BiPd, ...
C3
v+‖ −v−z 0v−z v+‖ 0
0 0 v+⊥

T˜
+
‖ −t−z 0
t−z T˜
+
‖ 0
0 0 T˜+⊥
 three fold rotation axis along z TaRh2B2, NbRh2B2, ...
C4
v+‖ −v−z 0v−z v+‖ 0
0 0 vzz

T˜
+
‖ −t−z 0
t−z T˜
+
‖ 0
0 0 T˜zz
 rotation axis along z -
C6
v+‖ −v−z 0v−z v+‖ 0
0 0 v+⊥

T˜
+
‖ −t−z 0
t−z T˜
+
‖ 0
0 0 T˜+⊥
 rotaton axis long z -
C1v
 0 vxy 0vyx 0 vyz
0 vzy 0
  0 T˜xy 0T˜yx 0 T˜yz
0 T˜zy 0
 in-plane mirror: y → −y Bilayer 1Td-MoTe2, 1Td-WTe2,
Rh2Ga9, Ir2Ga9, Y3Pt4Ge13, ...
C2v
 0 vxy 0vyx 0 0
0 0 0
  0 T˜xy 0T˜yx 0 0
0 0 0
 rotation axis along z,
in-plane mirror x→ −x, y → −y LaNiC2, ThCoC2, ...
C3v
 0 −v−z 0v−z 0 0
0 0 0
  0 −t−z 0t−z 0 0
0 0 0
 rotation axis along z,
in-plane mirror y → −y Li2IrSi3, Gated MoS2, ...
C4v
 0 −v−z 0v−z 0 0
0 0 0
  0 −t−z 0t−z 0 0
0 0 0
 four fold rotation axis along z,
other two σv mirror x→ −x, y → −y
CePt3Si, LaPt3Si, Ba(Pt, Pd)Si3,
La(Rh, Pt, Pd, Ir)Si3, Ca(Pt, Ir)Si3,
Sr(Ni, Pd, Pt)Si3, Sr(Pd, Pt)Ge3, ...
C6v
 0 −v−z 0v−z 0 0
0 0 0
  0 −t−z 0t−z 0 0
0 0 0
 rotation axis along z,
inplane mirror y → −y Ru7B3, Re7B3, La7Ir3, ...
D2d
v+‖ 0 00 −v+‖ 0
0 0 0
 T˜+‖ 0 00 −T˜+‖ 0
0 0 0
 three rotation axis along x, y, z,
in-plane mirror x→ y, y → x -
S4
v+‖ v+d 0v+d −v+‖ 0
0 0 0
 T˜+‖ T˜+d 0T˜+d −T˜+‖ 0
0 0 0
 improper rotation axis along z -
D2
vxx 0 00 vyy 0
0 0 vzz
 T˜xx 0 00 T˜yy 0
0 0 T˜zz
 three rotation axis along x, y, z -
D3
v+‖ 0 00 v+‖ 0
0 0 v+⊥

T˜
+
‖ 0 0
0 T˜+‖ 0
0 0 T˜+⊥
 three fold rotation axis along z -
D4
v+‖ 0 00 v+‖ 0
0 0 v+⊥

T˜
+
‖ 0 0
0 T˜+‖ 0
0 0 T˜+⊥
 four fold rotation axis along z Zr10Sb5Ru, ...
D6
v+‖ 0 00 v+‖ 0
0 0 v+⊥

T˜
+
‖ 0 0
0 T˜+‖ 0
0 0 T˜+⊥
 six fold rotation axis along z TaSi2, ...
T
v+0 0 00 v+0 0
0 0 v+0
 T˜+0 0 00 T˜+0 0
0 0 T˜+0
 (x, y, z) along crystal axis (a, b, c) AuBe, PdBiSe, NiSbS, ...
O
v+0 0 00 v+0 0
0 0 v+0
 T˜+0 0 00 T˜+0 0
0 0 T˜+0
 (x, y, z) along crystal axis (a, b, c) Li2Pd3B, Li2Pt3B, Mo3Al2C,
Cr2Re3B, (W, Mo)7Re13(B,C), ...
